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Abstract 

This paper provides a description of an algebraic setting for the Lagrangian formalism over graded 
algebras and is intended as the necessary first step towards the noncommutative C-spectral sequence 
(variational bicomplex). A noncommutative version of integration procedure, the notion of adjoint 
operator, Green’s formula, the relation between integral and differential forms, conservation laws, 
Euler operator, Noether’s theorem is considered. 
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0. Introduction 

An outstanding progress which has in last years been made by noncommutative geometry 
stems out of shifting of the interests away from the original idea of geometrizing noncom- 
mutative rings using the language of noncommutative schemes. Now it has become clear 
that, bypassing the difficult problem of glueing noncommutative spectra, one can define 
directly differential geometric objects on a hypothetical “noncommutative space”. This is 
based on two essential points: the possibility of reformulating the classical notions of anal- 
ysis and differential geometry in pure algebraic terms, so that differential calculus becomes 
an extension of the language of commutative algebra (for a very enlightening discussion see 
[l]), and the existence of several quite important cases in which one is able to go beyond the 
commutative case (see, e.g., [2]). These ideas have proven to be very successful and give 
an impetus to new researchers whose aim is to transplant the classical tools of analysis and 
geometry into a noncommutative setting. An instance of this comes from the current work 
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on noncommutative (and first of all supercommutative) theory of integration, conservation 
laws, and the Lagrangian formalism (see [3-171 and others). A key problem that arises 
here is the description of integration procedure. The first question is the following: Given 
a commutative algebra, how to define the module of volume forms? An answer to this 
question must, in particular, give the possibility to define the Berezin volume forms on a 
supermanifold in usual fashion, i.e., by using the rule of signs. The well-known peculiarities 
of the Berezin integration show the character of the problem and result in the loss of a clear 
algebraic setting for integration procedure and related things. 

The subject of this paper is an algebraic picture underlying the Lagrangian formalism and 
giving a solution of the problems discussed above. We work here over an arbitrary graded- 
commutative (with respect to a commutation factor) algebra to show that our constructions 
of volume forms, adjoint operators, the Euler operator, algebraic Green’s formula, Noether’s 
theorem, etc. can be extended to such an algebra in a simple and straightforward manner. 
On the other hand, the class of graded-commutative algebras is quite important for its own 
sake because it includes supercommutative, color-commutative (see [ 1 S-251 and references 
therein), and “quantum” algebras (see [26,20,27] and others). We have chosen here not to 
accumulate formulas for specific algebras, but to present a general scheme, using examples 
for illustrations only. The applications will be described separately. Our ultimate goal, which 
is outside the present paper, is to develop the super- and non-commutative generalizations 
of the C-spectral sequence (variational bicomplex) (see [28-31]), which is a means for 
studying all aspects of the Lagrangian formalism: the inverse problem, the description of 
conservation laws, characteristic classes and so on. 

The paper is organized as follows. In Section 1 we outline the necessary definitions and 
facts from calculus over graded algebras. In Section 2 the main objects of this paper- 
adjoint operators and the Berezinian2 -are defined. We want to emphasize that these 
definitions, which are the dew ex machina from that everything else follows, arose from 
an interplay between ideas and constructions of work [32], where the Berezin forms have 
been explained in terms of D-modules, and works [33] and [29, Part I], where structure of 
Lagrangian formalism for a smooth commutative algebra has been clarified. In Section 3 
we consider the Spencer complexes, algebraic Green’s formula, and related staff. The main 
difference from nongraded case (see [29]) is the appearance of a new complex dual to the 
de Rham complex: complex of integral forms (the name borrowed from the supergeome- 
try). The Lagrangian formalism, theory of conservation laws, and the Noether theorem are 
developed in Section 4. In Appendix A we briefly describe, in a pure algebraic manner, the 
formalism of right connections (see [34,35]), which is closely related with our subject. 

1. A sketch of differential calculus over graded algebras 

1.1 

We start with definitions of graded objects (see, e.g., [36]). 

2 We use this name for the module of volume forms. 
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Let G be an Abelian group written additively, which will serve as a grading group, and 
K a commutative ring with unit. 

Denote by K* the multiplicative group of invertible elements of K. Let us fix a com- 
mutation factor (. , .) : G x G -+ K*, gl x g2 H (gl,g2}. i.e., a map satisfying two 
properties: 

(1) kids = k2>811 

(2) kl +g27g31= (gl~g3lk2~g31 

We have also (gl, g2 + gn) = (gl, gz)(gl, g3) as a consequence of the definition. 

Example 1.1. Let G = Z” = Z $ . . @I Z. Then it is easily shown that any commutation 
factor has the form: 

I~,~J = fiqy’“i . nqthl-higl), 
i=I i-cj 

where g = (gl, . . ..g,),h = (hl, . . .,h,) E ZL”,qi = fl,qij E K*. 

Example 1.2. In particular, if G = Z there exist two commutation factors: the trivial one 
(gl,gz} = 1 and the standard superfactor (gl,g2) = (-l)Rlgz. 

Example 1.3. If G = Z” and K = @ then (g,h) = fly=, (&l)“lh’ . eH(R.h), where H : 
G x G + C is an antisymmetric bilinear form. 

Suppose A = egCcAg is a G-graded associative K-algebra with unit. A is called graded 
commutative if 

ab = (a, b]ba Va, b E A. 

For this type of notation we always assume that a and b are homogeneous and that the 
symbol of graded object used as argument of the commutative factor denotes the grading 
of this object. 

Example 1.4. A commutative algebra (graded or not) is graded commutative with respect 
to the trivial commutation factor (gl ,821 = 1. 

Example 1.5. The algebra Coo(M) of smooth functions on a supermanifold M is graded 
commutative with respect to the superfactor {gl, 82) = (- l)RIK2, G = Z2. 

Example 1.6 Quantum *superplane [37,2]. Let K be a field and K” the n-dimensional 
coordinate vector space over K. Picking up an arbitrary commutation factor over Z” (see 
Examples 1. l-l .3), the quadratic algebra A = T(K”)/R, where T( K”) is the tensor algebra 
over K” with the natural P-grading and R is the ideal in T(K”) generated by the elements 
x1 8x2 - (xl, x2Jx2 ~3 x1, x1, x2 E K’, is called the algebra of polynomial functions on the 
quantum superplane A,. 
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Example 1.7 Noncommutative torus [38,2]. Let K = @, G = Z”, and A be the space 
of all complex valued functions on Z” that decay faster than any polynomial. A has the 
natural Z”-grading. Denote by e(k) the function which is equal to 1 at k E Z” and zero 
at all other points (a basic harmonic on a noncommutative torus). Then any element of A 
can be written as Ck ake(k). Given a skew bilinear form 0 : Z x Z -+ R, we define a 
multiplication on A by setting e(k)e(l) = e 2Kie(k,‘)e(k + 1). It is straightforward to check 

that the algebra A, called the algebra of (smooth) functions on the noncommutative torus 
US, is graded commutative with respect to the commutation factor from Example 1.3. 

Remark 1.8. In [39,40] Lychagin has shown that one can also define commutation factors 
over a noncommutative group G and introduce all notions of the G-graded differential 
calculus in these circumstances. 

In this article we work in the category ModA of all G-graded modules over a graded- 
commutative algebra A. Clearly any left module P can be transformed canonically 
into a right module, pa = [p,a]ap for a E A, p E P, so that we may consider P as 
a bimodule. 

Remark 1.9. The category ModA is a closed tensor category (see, e.g., [2]) with respect 
to the commutativity constraint 

A generalization of our constructions to an arbitrary Abelian closed tensor category appears 
to be very interesting. Significant results along this line, dealing with basic concepts of the 
differential calculus, may be found in [41,42]. 

1.2 

We now introduce basic objects of the differential calculus (for details see [43-46]). 
Let A E HomK(P, Q) be a K-homomorphism, P and Q being A-modules. For every 

element a E A define a K-homomorphism 6, (A) : P + Q by setting 6, (A)(p) = 
{a, A)A(ap) - ad(p), p E P. Obviously, 6, o& = &, 06, Vu,b E A. Put S,,,,,,,,, = 
6 

a0 o.~.06,k. 

Definition 1.10. A K-homomorphism A E HomK(P, Q) is called a differential operator 
(d.o.) of order 5 k, if for all ag, . . . , Uk E A we have aa0 ,_.,, ak (A) = 0. 

The set of all d.o.‘s of order 5 k, from P to Q, may be endowed with two A-module 
structures by putting ad = a o A or ad = (a, A)A oa, where a E A is understood as 
the operator of multiplication by a. The modules that arise in this way are denoted by 
Diffk(P, Q) and Difft(P, Q), respectively. Clearly, Diffy’(P, Q) c Diff,‘+‘(P, Q) for 

k 5 1, so that we may consider the union Diff(+)(P, Q) = Uk,O DiffL+‘(P, Q). _ 
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Proposition 1.11. 
(1) If A) E Diffk(P, Q), A2 E Diffi(Q, R), P, Q, R are A-modules, then A2 o AI E 

Diffk+t (P, R). 
(2) ThemapsDiffk(P, Q) + Difft(P, Q)andDiffkf(P. Q) -+ Diffk(P, Q)generated 

by the identity map are d.o.‘s of order 5 k. 
(3) There exists a canonical isomorphism 

Difft(P, Q) + HomA(P. Diffl(Q)), 

where Diffl (Q) = Diffl (A, Q). To every d.o. A : P + Q corresponds the homo- 
morphism VA E HomA (P, Diff kf (Q)), $)A (p)(a) = A (pa) under this isomorphism. 
The inverse mapping takes a homomorphism cp : P + Diff,f(Q) to an operator 
2)k o cp, where T& : Diff,f(Q) + Q is a d.o. of order 5 k dejined by the formula 
T&(V) = V(l), V E Diff,f(Q). 

Proo$ It consists of a series of automatic verifications. 0 

This proposition has the following corollary. 

Corollary 1.12. The commutative diagram 

Diffl(DiffT(P)) 2 DiffT(P) 

(‘k.1 
I I 

VI 

Difft+, (f’) 
2 P 

uniquely defines the operator ck, I, which is said to be glueing operator 

Definition 1.13. A k-multilinear over K mapping V : A x . . . x A --+ P, P being an 
A-module, is said to be a skew multiderivation if the following conditions hold: 

(1) V(at, . . ,ai,ai+i, . . .,ak) = -(ai,ai+l)v(al, . . ,ai+l,ai, . . . ,ak) 

(2) V(at, . . . . ai_l,ab,ai+l, . . . ,ak) = {v,a)(al...ai_l,a)av(a], . . . . b, . . . . ak) $_ 
(V, b](a) . .ai-la, b}bV(al, . . . ,a, . . . ,ak). 

The set of all skew multiderivations is an A-module denoted by Dk(P). Obviously 
D)(P) is a submodule of Difft(A, P). The Spencer Diff-operator S : Dk(DiffT(P)) -+ 
D-1 (Diffl’,, (P)) is defined by the formula 

S(V)(a), . . ,ak-l)(a) = V(al, . . .,a&l,a)(lh V E Dk(Diff+(P)). 

Proposition 1.14. 
(1) Sisad.o.oforders 1; 
(2) s* = 0. 

ProoJ: It is straightforward. ??
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The complex OtP z Diff+(P) .&- Dt(Diff+(P)> +“- DT(Diff+(P))-... is 
said to be the Spencer Diff -complex. 

1.3 

Theoperations Q H Dk(Q),Q H Diff(P, Q), and Q H Diff+(Q, P) arefunctors 
from the category of all A-modules ModA to itself. We have seen that the latter functor 
is representable. The following proposition shows that two other functors are also repre- 
sentable. 

Proposition 1.15. (see [43,45,46]). There exists a module Ak (resp. Jk(P)), which is 
called the module of k-form (resp. k-jets) over A, such that the functor Q H l&(Q) 
(resp. Q H Diffk(P, Q)) is isomorphic to thefunctor Q t-+ HomA(Ak, Q)(resp.Q H 

HomA(Jk(P), Q>,. 

Let us denote by jk = jk (P) : P + Jk (P) the d.o. of order 5 k that corresponds under 
the isomorphism Diffk (P, Jk( P)) = HomA (Jk (P), Jk (P)) to the identical map idzkCp). 
Proposition 1.15 implies that the operator jk is universal, i.e., for every d.o. A E Diffk (P, Q) 
there exists a unique homomorphism $A : Jk (P) --f Q such that A = $A o jk. 

Now let M be a subcategory of category ModA of all A-modules that is closed under 
the action of the above-discussed functors. Then it is quite natural to ask if these functors 
are representable in M. 

Example 1.16. The most important example of the closed (in the above sense) category is 
that of geometrical modules Mod;. A module P is called geometrical if P = n,,k pk P = 
0, where intersection is taken over all powers of prime ideals of A. There is the geometriza- 
tion functor P H P/P from ModA to Mod?. It can easily be checked that the functors 
Dk and Diffk (P, .) are representable in Mod:, the geometrization functor transforming the 
representing objects in ModA into the corresponding representing objects in Mod:. 

1.4 

A natural transformation of the functors Dk , Diffk, and their compositions by duality 
gives rise to operators between the corresponding representing objects. 

Example 1.17. The natural inclusion Dk+[( P) -+ Dk(DI (P)) defines the wedge product 
of forms over A: Ak 18 At + Ak+t. 

Example 1.18. The Spencer operator S : Dk (P) + D)k_t(DiffT(P)), where the super- 
scribed dot means that the K-module Dk-t (Diff: (P)) is supplied with A-module structure 
by putting ~6’ = Dk_t(Difft(a))6,0 E Dk-1 (DiffT(P)), induces the homomorphism 

J’(Ak-‘) + Ak. The composition of Akpl --% J’(Ak-‘) + Ak is called the exterior 
d@rentiation operator and is denoted by d : Ak-’ + Ak. Using the fact that S* = 0, one 
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can easily prove that d* = 0. The complex 0 + A 5 A’ 
d d 

--+ A2 -+ . . . is said to be 
the de Rham complex of the algebra A. 

1.5 

The above described algebraic formalism can be realized geometrically, the algebra A 
being the algebra C?(M) of smooth real functions on a supermanifold M (for the superge- 
omen-y see, e.g., [47,48,35,49,50]). In this situation it may be shown in the same way as in 
nongraded case that the standard notions of differential operator, forms, jets, etc. coincide 
with the ones introduced above. Having this in mind, in Section 2 we illustrate constructions 
under consideration by giving their local coordinate description. 

2. Adjoint operators and Berezinian 

2.1 

Given an A-module P, consider the complex of homomorphisms 

0 -+ Diff+(P, A) 4 Diff+(P, A’) -iii Diff+(P, A2) 4 ... , (1) 

where w(V) = do V E Diff+(P, A&), V E Diff+(P, Ak-I). Let us denote the cohomol- 
ogy module in a term Diff+( P, A”) by pa, n 2 0. Every d.o. A : P --f Q generates the 
natural map of the complexes: 

. + Diff+(Q, Ak-‘) -% Diff+(Q, Ak) +... 

A 1 Li 1 
...+ Diff+(P,Ak-‘) -% Diff+(P,Ak) ---+..., 

where d(V) = (A, V)V o A E Diff+(P, Ak),V E Diff+(Q, Ak). 

Definition 2.1. The operator A,* : c,, + pn induced by a is called the (nth) adjoint 

operator. 

Below we assume that an integer n is fixed and omit the corresponding index to simplify 
notation. 

Proposition 2.2. 
( 1) A* has the same grading as A. 
(2) IfA E Diffk(P, Q) then A* E Diffk(G, p). 
(3) Forall Al E Diff(P, Q) and A2 E Diff(Q, R) we have 

(A2 o A,)* = {A*, AlId; 0 A;. 
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Obvious. 
Denote by [V] the cohomologous class of an operator V E Diff+( P, A”), w(V) = 0. 
Then A*([V]) = {A,V)[VoA] and we have &(A*)([V]) = (a,A*)A*(a[V]) - 
aA*([V]) = {a, A*)(a, V)(A, V oa}[V oaod] - {A,V)(a,VoA}[VoAoa] = 

(a oA)*([V]) - (u,A)(Aou)*([V]) = -&(A)*([V]), i.e., &(A*) = -&(A)*. 

Thus &,,...,,, (A*) = (-l)k+‘6,0,...,,,(A)* = 0. 
(A2 0 A~)*([vl> = {A2 0 Al, V][Vo A2 0 a11 = IA2, vliA2, NA:<[v 0 A211 = 

(423 4lAl;(A;([vl)>. 0 

Let us consider some examples of adjoint operators. 

Example 2.3. Let a : P + P be the operator of multiplication by a E A. Then u* ([VI) = 
(a, V)[V ou] = u[V], i.e., a* = a. 

Example 2.4. Let p : A + P be the operator p(u) = pa, a E A, p E P. Then p*([V]) = 
{p, V)[Vop],p* E HomA(F,L). Thus we have a natural pairing (., .) : P ~3 P^ + 

A? (P?p3 = P*(p3,p^E p^. 

Example 2.5 Bereziniun and integrulforms. Let . . . + Pk- 1 3 Pk + . . be a complex of 

d.o.‘s. Since AZ o A;,, = {Ak, Ak+l)(Ak+l 0 A,)* = 0, WegetaCOmpkX~ . . +pk-, pk* 

Pkt.‘., which is called dual to given one. The complex dual to the de Rham complex is 
said to be the complex of integral forms and is denoted by 

6 
OtE() t- X1 A . . .) 

where Ei = 2,6 = d*. The module Eo = A^ is called the Bereziniun (or the module of 
volume forms) and is denoted by B. 

The d.o.‘s YD : Difff(Ak) -+ Ak induce the cohomology map [ : B + H”(A*), 
so that to any element w E B (volume form) corresponds the nth de Rham cohomol- 
ogy class s w. This is an algebraic version of the integration operation. Clearly, s[V] = 
V( 1) mod dA”-‘, V E Diff (A, A”). 

Remark 2.6. The construction and the whole line of this subsection, as it was mentioned 
in the Introduction, are principally motivated by Penkov’s explanation of the Berezin forms 
on a supermanifold [32]. Close approaches to the construction of the Berezin forms on a 
supermanifold were suggested in [51] and [52]. 

Proposition 2.7. j” 6w = 0, where w E Cl. 

Prooj Suppose w = [VI, then SW = [V od]. Therefore ~SW = [Vod(l)] = 0. 0 

Proposition 2.8 (Integration by parts). Forunyd.0. A: P -+ Qundp E P,~‘E G,we 
have 
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s (A(P),?~ = (4 PI s (~3 A*@). 

Proo$ Suppose T = [VI, V : Q + A”. Then j” (A(p),3 = [{A(p), V}[V o A(p)] = 

_/W(P), VJ[V 0 A 0 PI = ./-kL VI{4 PI (~3 [V 0 Al) = 14 PI j” (~7 A*@). 0 

2.2. Coordinates 

Let M be a smooth supermanifold of dimension s 1 r, G = Z2, K = R or C, A = 
Cr(M), P = f(a) and Q = f(b) the modules of smooth sections of vector bundles 
0verM. Supposex = (Yi,cj)),i = 1, . . . . S,j = 1, . . . . t,Xl = yl, . . . . X, = Y,v,X,+l = 
<I, . ,x,+, = & is a coordinate system on a domain U c M. 

First of all let us compute the Berezinian, i.e., the cohomology of complex (1) for P = A. 

Theorem 2.9 [ 321. 
(1) A,, =0 ,forn#s. 
(2) A?, is the module of sections for the bundle of volume,forms Ber(M) 3 . 

ProoJ The assertion is local, so we can consider the domain U and split the complex 
Diff+(A*) in a tensor product of complexes Diff+(A*),,,, ~3 Diff+(A*),dd, where 
Diff+(A*),,,, is complex (1) on the underlying even domain of 1!4 and Diff+(A*).dd is 
complex ( 1) for the Grassmann algebra in variables cl, . . , &. 

It is known that H’(Diff+(A*),,,,) = 0 for i # s and H’(Diff+(A*),,,,) = At, where 
A; is the module of s-form on the underlying even domain of U (see [29, Section 21). To 
compute the cohomology of Diff+(A*).dd consider the quotient complexes 

0 -+ Smblk(A)odd + Smblk+r(A’)odd + . . . . 

where Smblk ( P)odd = Diffl (P&t/ Diffl_, (P)&. An easy CdCUhtiOU shows that 
these complexes are the Koszul complexes, hence H’(Diff+(A*)),dd = 0 for i > 0 and 
H’(Diff+(A*)) is a module of rank 1. Therefore A^i = H’(Diff+(A*)) = 0 for i # s 
and the only operators that represent non-trivia1 cocycles have the form f(v, t)d.vr A A 

dy.~(@lG . . . a<,). 
To complete the proof it remains to check that x, is precisely Ber(M), i.e., that changing 

coordinates we obtain 

where z = (vi, qji) is a new coordinate system on U, Ber denotes the Berezin determinant, 
J (X/Z) is the Jacobi matrix, T is cohomologous to zero. This is an immediate consequence 
of the following claim. 

3 Recall that locally sections of Ber(M) are written in the form f (x)D(x), where f E C=(u) and D is 
a basis local section that is multiplied by the Berezin determinant of the Jacobi matrix under the change of 

coordinates. The Berezin determinant of an even matrix (c A B isequaltodet(A - BD-‘C)(detD)P’. n) 
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Claim. ZfX = (,” i) and X-’ = (g i) are mutually inverse matrices written in the 
standardformat, then Ber X = det A . det d. 

Pro08 Obviously, Ab + Bd = 0 and Cs + Dd = 1, whence D = b’ + CA-‘B. 
Therefore 

(Z BD)=(~~-~+CHA-~B)=(C~-’ :>(t ,p_l) 

and we get 

Ber(c i) =Ber(Cl-, y)Ber(t c,) =detA.detb. ??

Now let us consider the coordinate expression for adjoint operator. Suppose A E Diffk (A, A) 
is a scalar operator: 

A=&,$ 
CT lJ 

where 0 = (il, . . , i,) is an ordered set of integers 1 5 ij 
alOl/axj, . . . i3xi,. Then we have 

< _ 

A* = c(-l)@g oa,, 
c (I 

where 0 = 1~1 + a: cl;“=l, x5 + C _ Icj<k5,a, xyx; and tilde over an object denotes the 

parity of the object. For a matrix d.o. A = JlAijll one has (A*)ij = (-l)“(Aji)*. 

3. Spencer complexes and Green’s formula 

3.1 

From now onwards we assume that the module At is of finite type and projective. This 
implies that the same is true for the modules Ak and Jk(A> and, also, that for any projective 
module the Spencer Diff-complex is exact (see [45]). In this case it is expedient to consider 
another variant of construction of adjoint operator. 

Set P” = Hom(P, B). Obviously, Ei = 2 = (A’)” = Di(B), 3%) = Jk(A)” = 
Diffk(A, B). 

Definition 3.1. For an operator A E Diffk(A, B) we define the operator A" : A + B, 
A"(a) = (A,a)j,*(aA),a E A, which, for economy of language, will be called adjoint. 

Proposition 3.2. 
(1) The grading of A” is equal to the one of A. 



(2) 
(3) 
(4) 
(5) 
(6) 

(7) 
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rfA E Diffk(A, B) then A” E Diffk(A, B). 
w” = w,w E B = Diffo(A, B). 
IfX E DI (B) then X + X” E Diffo(A, B) = B and X + X” = 6(X). 
(aA)” = [a, A}A” oa, A E Diff(A, B), a E A. 
!f A(u) = [V,], A E Diff(A, B),u E A, V,, E Diff+(A”), then A“(u) = (O,,], 
where Cl,, (a’) = (a, u’]V,f (a). 
(A”)” = A. 

Obvious. 
Proof 

(1) 
(2) 

(3) 
(4) 

&(A”)(u’) = {u,A”}A”(au’) -aA” = (A”,u’)j,*(uu’A) - (A”,u’]uj;(u’A) = 

IA”&Mj;)(u’A), SO pa,,...,,, = (A”,u’)6,,.,..,,,(j,*)(u’A) = 0. 
Obvious. 
Clearly, 6, (Jo) = Jo (a) - ujl(1) E J’ (A), hence 

(5) 
(6) 
(7) 

(&(jl))*(A) = Ia, AIN) -an(l) = &(A)(l), A E Diffl (A, A). 

Thus 8, (X +X0) (1) = 6, (X) (1) + 8, (jr) (X) = 6, (X) (1) - 8, (jl)* (X) = 0. 
Further, 6 (X) = jr (v* (X)), where y : 3’ (A) + A’ is the natural projection. 
Obviously, y* : DI (B) + Diffl (A, B) is the natural inclusion, so that 6 (X) = 
X” (1) = x + X”. 
ad” (u’) = (uA,u’)j,* (U’UA) = (uA,u’)(u’a, A)A’ (u’u) = (a, A) (A” ou) (a’). 
Obvious. 
Let A (a) = [V,] and A” (a) = [Cl,]. Then (A’)’ (a) = [&I, where 0, (LI’) = 
(a, u’]O,f (a) = 0, (a’), i.e., (A“) ” (a) = [V, ] = A (a). 0 

Now let us define the adjoint operator A” in the general case when A E Diff (P, Q” ), the 
P and Q being A-modules. As in nongraded case consider the family of operators A (p, q ) E 

Diff (A, B), p E P, q E Q, A (p,q) (u) = (p,u](q,uJ (A (up) ,qj, u E A; the brackets 
(., .) denote the natural pairing Q” @I Q -+ B. Then set (A’ (q) , p) = (4, PI A (p,q) ’ (I), 
A” E Diff (Q, P”). 

Proposition 3.3. 
(1) For any A E Diffk (P, Q”) the operator A” is well-dejned and of order 5 k. 
(2) For every A E Diff (P, Q’) we have (A“) ’ = A. 
(3) lfthemodules P, Q, Q” areprojective, thenfor A E Diff (P, Q”) theudjointoperutor 

A” : Q + P” coincides with the composition of Q + Q”” P”, where Q + Q ,” 
is the natural homomorphism. 

ProoJ Statements (1) and (2) are straightforward. 
(3) Take A : P + Q’, p E P, q E Q. We have A = +Ajk, so (A* (q).p) = 

(j,*~~(q),p)=j~(Ilrz\(q)op)=(~~(q)op)o(l)=(q,p]A(p,q)“(l). 0 

Now let us consider one more example of adjoint operators. 
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3.2. Example: The Spencer operators 

The complex 

where s (j (p) @J w) = j (p) 18 dw, is called the Spencer J-complex (for details see [45]). 
Note that s is a d.o. of orde* Let us compute the dual complex. Clearly, for the projective 

module P we have 3’” (P) @I Ai = (JW (P) 8 A’) o = Di (Horn (J” (P) , B)) = 
Di (Diff (P, B)) = Di (Diff+ (PO)). To describe s* we need the following remark. 

Let A (P) : F (P) + G (P) be a natural d.o., F and C be functors on a category of 
projective modules over A. For any functors F denote by i; (P) the abelian group F (P) 
supplied with A-module structure induced by the A-module structure in P. Then A generates 
the natural homomorphism d : i; += G;. 

Lemma 3.4. (A*). = (d)* 

ProojI It is trivial. 0 

The lemma immediately implies that the complex dual to the Spencer J-complex for - 
module P is the Spencer Diff-complex for module P”. On the other hand we have 3” (P)@ 
Ak = Horn (3” (P) , Dk (B)) = Diff (P, zk) and the operator s* : Diff (P, ck) -+ 
Diff (P, z&l) hastheforms* (V) = 6oV, V E Diff (P, ck); j* (V) = V” (l).Bringing 
all this together we can state the following theorem. 

Theorem 3.5. For a projective module P there is an isomorphism of complexes 

0 t P” z Diff+ (P”) A D1 (Diff+ (PO)) A D2 (Diff+ (P”)) +- ... 

II 4 4 4 
0 t P” A Diff(P,B) & Diff (P, Z:,) & Diff(P, &) t ... 

where w (V) = 6 o V, V E Diff (P, Ck) ,I (V) = V0 (1) , the maps I+% are the composition 
of isomorphisms: 

Dk (Diff+ (PO)) “9’ Dk (Diff (P, B)) + Diff (P, Dk (B)) -+ Diff (P, ck). 

This theorem has the following corollary. 

Corollary 3.6 (Green’s formula). If the Spencer Diff -cohomology of the Berezinian B in 
the term Diff+ (B) is trivial, thenfor any A E Diff (P, Q") , p E P, q E Q, we have 

(A (p),q) - IA, PI (P. A” (9)) = =, 

where G E .X1 is an integral I-form. 
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Proo$ Suppose V E Diff+ (B); then (V - V (1)) E ker V, hence there exists 0 E 
DI (Diff+ (I?)) such that S (0) = V - V (1). It follows from the theorem that V* (1) - 
V(1) =@oS(O) =w($(Cl)).ThereforeV*(l)-V(1) =&G,whereG = 1,/~(0)(l). 
Letting V = A (p, q), we get the Green formula. 0 

Remark 3.7. If B is projective then there exists an A-homomorphism K : ker 22 + 
Di (Diff+(B)), such that SOK = id, and we can take 0 = x(A -A(l)) and, there- 
fore, G = G, = r,!~ (K (A (p,q) - (A (p) ,qj)) (1). Since the Spencer complex of B is 
exact, for any two homomorphisms H and H’ one can find a homomorphism ,f : ker V + 
D2 (Diff+ (B)) such that H - K’ = So f. Hence G, - G,t = SF. where 

F = + (.f (A (p,q) - (A (P) >q))) (1). 

3.3 

In this subsection we describe a spectral sequence, which establishes the relationship 
between the de Rham cohomology and the homology of the complex of integral forms. 

Proposition 3.8 (PoincarC duality). There is a spectral sequence, (E:, .+, di). with 

E;, 9 = H, ((.L-,) 3 

the homology of complexes of integral forms, and converging to the de Rham cohomology 
H (A*). 

Pro06 Let K,,, = v D (Diff+ (A-q)), d’ be the Spencer operator d’ : K,,, --f K,_I.,. 
and d” = (-l)P DP (Diff+ (d)), d” : K,,, + K,,,_I. Then {K,, *, d’,d”} is a double 
complex. Obviously, I H (K) = H (K,. *, d’) = A-S for p = 0 and 0 for p # 0. Therefore 

in the second spectral sequence ‘1 Ei, y = *’ Hp. q (’ H (K)) = H[), y (’ H*. * (K) , d”) = 
H-4 (A*) for p = 0 and IrE2 - 0 for p # 0. Thus the second spectral sequence P.4 - 
converge to the de Rham cohomology. From the first spectral sequence we get I Ei, y = 

‘H,,, (“H(K)) = ‘HP., (H(K*,., d”)) = HP., (D* (B) J’) = H, (W&,). 0 

Corollary 3.9. If .& = Ofor all i # n, then Hi (C*) = H”-’ (A*). 

4. Quadratic Lagrangians, the Euler operator, and the Noether theorem 

In this section P and Q are projective modules. 

4. I 

Consider the complex 

0 t Diff”ym (P, P”) & Diff;;: (P, B) 5 Diffyi;’ (P, Cl) ;ii- . ..) (2) 



208 A. Verbovetsky/Journal of Geometry and Physics I8 (1996) 195-214 

where Diff ;i;” (P, Q) denotes the submodule of Diff (P, Diff (P, Q)) consisting of all 
symmetric bidifferential Q-valued operators V (~1) (~2) = (~1, p2)V (~2) (pl), V E 
Diff (P, Diff (P, Q)), Diff ‘yrn (P P”) is the module of all self-adjoint operators from 
Diff (P, P”), w(V) = 6 o V, V E ~iffsym C2J (P, .W ,k > 0, and p (V) (P) = (V (P)) o (l), 
p E P. 

Theorem 4.1. This complex is acyclic. 

ProojI From Theorem 3.5 it follows easily that the complex 

0 t Diff (P, P”) k Diff (P, Diff (P, B)) -?- Diff (P, Diff (P, Cl)) _ g . ..) (3) 

where 6 (V) = 6 o V, fi (V) (p) = (V (p))’ (l), is acyclic. To prove the theorem it is 
sufficient to show that this complex splits into the symmetric and the skew-symmetric 
parts. To do this let us check that the involution p of complex (3), p (V) (~1) (~2) = 
(PI, p2)V (~2) (PI), V E Diff (P, Diff (P, Zk)) and p(V) = V”, V E Diff (P, P”), is 
an automorphism of this complex. The fact that (T, o p = p o ii, is obvious. Let us ver- 
ify that POP = PO& Take A E Diff (P, Diff (P,B)) and let S(pl) (~2) = [Vp,,p2], 
V p,, pz E Diff+ (A”). It follows from Proposition 3.2 that (p (A) (PI), ~2) = [O], where 

0 E Diff+ (A”), 0 (a) = 1p2,a)Vp,,npz (l), ~1~~2 E P. Therefore kfi (A) (~1) ,p2) = 

@LA)” (PI),P~) = (~1,~2JP’l,where o’(a) = h,alb2,aJV~ap~.P, (l).On theother 
hand (i@ (A> (PI) ,p2) = P”1, where @(aI = h,alV~,,.,, (11, (P (A) (PI), ~2) = 

[%I~ P2 l.Cleark VA,.,,* = ~PI~P~I~~~,~,, hence o”(a) =1P2,aJ(pl,ap2}Vnp?,p, (1). 
El 

4.2. Lagrangian formalism 

Definition 4.2. The space Lag (P) of quadratic Lagrangians on P is defined as the coker- 
nel of the operator w : Diff::;” (P, El) + Diff(,) sym (P, B). An operator L E Diffsif” (P, B) 
is called the density of quadratic Lagrangian L if L = L mod im W. 

From Theorem 4.1 we see that the operator ,LL gives rise to an isomorphism of Lag (P) 
to the submodule of the module Diff (P, P”) consisting of self-adjoint operators. This 
isomorphism is said to be the Euler operator and denoted by E. 

4.3. Conservation laws 

Let A E Diffk (P, Q) and E = {p E P I A (p) = 0} is the corresponding equation. The 
operator A generates the chain map 52~ of the complexes (2): 

0 +--- Diff (Q,B) & Diff (Q,CZl) 5 Diff (Q, C2) clli_ . . 

1 QA 
1 

QA 
1 

0, 

O- Diff(P,B) & Diff(P,Cl) & Diff(P,Zz) &... 
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(Linear) conservation laws for the equation E are defined by analogy with nongraded case 
(see [29]) as classes of l-dimensional homology of the complex coker 52~. Let us denote 
the group of linear conservation laws for the equation A = 0 by Cl (A) = HI (coker $2~). 
The following theorem and the corollary describe the group Cl (A). 

Theorem 4.3. There exists an e_xact sequence 

0 + HI (im GA) + Ho (ker 524) + ker A* + Cl (A) + 0. 

Prooj It follows from Theorem 4.1 that exact homology sequences corresponding to the 
short exact sequences of complexes 

0 + ker52A + Diff (Q,C*) + imfiA + 0 

0 + im fl,~ -+ Diff (p, C,) + coker 62~ + 0 

have the form 

0 + HI (coker 524) + Ho (im Q,) A P” + Ho (coker fin) -+ 0. 

It is straightforward to check that the composition j o i : Q0 + P” coincides with the 
adjoint operator A* : Q” + P”. Hence ker A*/ im iI is isomorphic to ker j = Cl (A) and 
we get the desired exact sequence. 0 

Corollary 4.4. [f ker 524 = 0 then the group of linear conservation /aws Cl (A) is isomor- 
phic to ker A*. 

Let us give an explicit expression for the map ker A* -+ Cl (A). Suppose q’-’ E ker A* c 
QO. Then, choosing a homomorphism K (see Remark 3.7), we have a d.o. from P to Cl. 
p t-+ G, (A(p,q”)).TheGreenformulayields(A (p),q’) = 6G, (A(p,q”)).Hencethe 
operator p H G, (A (p, 4’)) is a I-cocycle of the complex coker fiA and we obtain a map 
x : ker A* -+ Cl (A), where x (9”) is the conservation law corresponding to the operator 
p H G, (A (p,q”)). Let us show that this is the map under consideration. If V is a l- 
cocycle of coker QA, the element go from ker A* corresponding to it according to the proof 
of Theorem 4.3 can be found as q0 = p (O), where 0 E Diff (Q, B) satisfy the relation 
0 o A = 6 o V. If V is the operator p H G, (A (p. go)) then 0 = q0 E Diff (P, B) and 
p (0) = p (q3) = go. 

4.4. The Noether theorem 

We start with a description of transformations of the objects that Noether’s theorem 
includes. 

Let Der(P) = ((Xp,X)lX E D1 (A),Xp E Diffl (P,P).and Va E A,Vp E P 
Xp (ap) = (Xp,a]aXp (p) + X (a) p 1. If X E DI (A) then (XB, X) E Der (B), where 
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Xg = -X* (more generally, if (Xp,X) E Der (P) then one can define (Xpo,X) E 
Der (PO), Xpo = - (Xp)*). 

Given (Xp, X) E Der (P), define (Xoiff, X) E Der (Diff (P, B)) by the formula XDifr (A) 
= [X, A] = XB o A - (X, A)A o Xp. For L E Diff (P, Diff (P, B)) we put Xp (L) = 
XDiff o L - {X, L}L o Xp. If L E Diff:;;” (P, B) then Xp (L) E Diffii;” (P, B) and is 
called the variation of L under the infinitesimal transformation Xp. Clearly, Xp generates 
the map of Lagrangians on P, Xp : Gag (P) -+ Lag (P). 

From the definition of variation it follows that 

XP (L) (PI> (P2) = XB (L (Pl) (p2)) - IX, LJIX, PI IL (Pl) (XP (p2)) 

-(X3 LIL (XP (PI>) (P2). 

Further, using Proposition 3.2 (4)we get 

XB (L (pl) (p2)) = -Ix, L}(x, PI 1(x, p216 tL (PI> (P2) Ox). 

It follows from Green’s formula that Vpt , p2 E P 

L (PI, ~2) = FL (PI) 9 ~2) + SG, CL (PI) (~23 1)). 

Combining these formulae, we obtain the followingformulufor the$rst variation: 

XP CL) (PI) (P2) = 4LP2)(Pl,P21 (XP (P2) 7E.L (PI)) 

-IL PI 1 WP (PI) 1 E (~2)) - h (PI, ~2) 1 

where 

nx (PI, P2) = 1x3 LHX, Pll(X, P2)L (PI> (P2) 0 x 

+1X, Ll(Xt PI JGx (PI 3 XP (~2)) 

+ 1x3 LHX, ~211~17 ~2lGx (~23 XP (PI)>. 

Definition 4.5. Xp E Der (P) is said to be a symmetry of a Lagrangian C if Xp (fZ) = 0. 

From Theorem 4.1 it follows that a symmetry of C is a symmetry of the operator &r. = 
& (l), i.e., Xp (EL) = Xpo o EL - {X, EL)&L o Xp = 0, and conversely. 

If Xp is a symmetry of C, then Xp (L) = w (L’), where L is a density of C, L’ E 
Dif$$(P,Ct).Considertheintegral 1-formnx(pi,p2)+L’(pt)(p2).Thefirstvariation 
formula implies that this integral form is closed whenever ~1, p2 E ker IL. Clearly, its 
homological class does not depend on the choice of K and L’. Thus we proved the following 
theorem. 

Theorem 4.6 (Noether). If Xp is a symmetry of the Lagrungian C = L mod im w and the 
module P is projective, then the map p H n, (p, p) + L’ (p) (p), p E P, gives rise to a 
conservation law of the equation EL = 0. 
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Appendix A. Right connections 

This appendix provides a lightening sketch of the algebraic formalism of right connec- 
tions. 

Remark. This issue is also treated in [53], the approach, although different, being close to 
the approach suggested here. 

A.I. 

We begin with a collection of a few facts about (usual) linear connections. 
One can consider a connection on an A-module P as an A-homomorphism of grading 

zero, y : P H J’ (P), satisfying w o y = idp, where u : J’ (P) + P is the natural 
projection. 

The composition A’ @ P id2y A’ @ J1 (P) & A’+’ @I P of y and the Spencer 
operators is called the de Rham operator associated with y and denoted by d : A’ 18 P + 
A’+’ @ P. The first de Rham operator d : P + A’ @ P gives rise, in a natural way, to a 
covariant derivative, i.e., a homomorphism V : DI (A) + Diffl (P, P), X H VX, such 
that Vx (ap) = (X,a]aVx (p) + X (a) p, X E DI (A). The de Rham sequence with values 
in P, 

O-+ P&A’@PPA2@P%-, 

is not a complex in general. The operator d2 : A’ @ P -+ Ai+’ ~3 P is said to be curvature of 
the connection y. It is straightforward to check that d2 is a A*-linear operator and, therefore, 
for P projective the curvature d2 is multiplication by a R, E A2 ~3 HomA (P, P). 

A.2. 

We define a right connection in a dual way. 

Definition. A right connection on P is defined to be an A-homomorphism of grading zero 
J. : Diff: (P) + P satisfying h o L = idp, where 1 : P -+ Diff: (P) is the natural 
inclusion. 

Given a module P with a right connection h, one can carry out the construction of the 
sequence of integralform with values in P by letting the operator 6 : Di+ t (PI + Di (PI 

be the composition D;+l (P) 5 Di (Diff: (P)) D’(” + Di (P) of the Spencer operator S 
and Di (h): 

6 s s 
0 t P +- D1 (P) +- I)2 (P) + . 

The first operator S : D1 (P) -+ P provides a right covariant derivative, i.e., a homo- 
morphism V : DI (A) + Difft (P, P). X H VX, such that 
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vx (up) = ~X,~l~VX (PI - x (a) P3 X E DI (A). (A.11 

Remark. This “right Leibniz rule” may be reformulated by the following way. The operator 
V can be extended to an A-homomorphism V : Diff 1 (A, A) + Diff: (P, P) by putting 

Vida = idp. Then (1) means that the map V : Diff: (A, A) -+ Diffi (P, P) is also an 

A-homomorphism. 

The operator a2 : Dj+2 (P) + Dj (P) is called the cuwufure of the right connection h. 
A direct calculation shows that this is a D* (A)-linear operator and, so, for P projective the 
curvature S2 can be interpreted as inner product with a Rh E A2 18 HomA (P, P). 

Example. If on a projective module P there is a connection y : P -+ J’ (P), then on PO 
there is a right connection h = y* : (3’ (P)) ’ = Difft (P”) + P”. In particular, the 
obvious flat connection on A, y : A + J’ (A), y (a) = ujl (l), provides the canonical 
flat right connection on the Berezinian B. The complex of integral forms with values in P” 
is dual to the de Rham complex with coefficients in P. 
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